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Abstract. Distance metric learning is widely used in many visual com-
puting methods, especially image classification. Among various metric
learning approaches, Fisher Discriminant Analysis (FDA) is a classical
metric learning approach utilizing the pair-wise semantic similarity and
dissimilarity in image classification. Moreover, Local Fisher Discrimi-
nant Analysis (LFDA) takes advantage of local data structure in FDA
and achieves better performance. Both FDA and LFDA can only deal
with images with simple concept relations, where images either belong to
the same concept category or come from different categories. However,
in real application scenarios, images usually contain multiple concepts,
and relations of concepts and images are complex. In this paper, to im-
prove the flexibility of LFDA on the complex image-concept relations,
we propose a new pairwise constraints method called Cross Concept Lo-
cal Fisher Discriminant Analysis (C2LFDA) for image classification. By
considering the cross concept images as a special case of within-class
samples, C2LFDA models the semantic relations of images for distance
metric learning under the framework of LFDA. We calculate within-class
and between-class scatter matrix based on the proposed re-weighting
scheme and local manifold structure. By solving the objective function
of discriminant analysis using the proposed scheme, a set of projected
representation is obtained to better reflect the complex semantic rela-
tions among images. Experimental evaluations and comparisons show
the effectiveness of the proposed method.

Keywords: Distance metric learning, Multiple concepts, Fisher Dis-
criminant Analysis.

1 Introduction

Distance metric is a crucial issue in visual computing, which serves an important
role in image retrieval and image classification. Distances can be directly used for
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unsupervised clustering - such as spectral methods for example, or for supervised
classification - such as nearest neighbor classification [1].Compared with the
direct distance computing methods, the main goal of distance metric learning
(DML) is to make the processed data having a better ability on compactness
and semantic consistency. DML has been intensively investigated in the literature
and it is a useful way to differentiate images learning problems with different
semantic information.

Supervised distance metric learning is to learn a distance metric according to
images’ label information. Among the existing approaches [2–4] are traditional
supervised distance metric learning methods by using pairwise constraints. Spe-
cially, their works [5–8] are distance metric learning methods that can maintain
samples’ local neighborhood structure according to the visual distance between
samples.

The above mentioned methods are only capable of data with simple concept
relations. However, the situation is not always like that, there might be several
concepts in one image. Two images may belong to one category for the same la-
bel, yet they may have other concepts that do not belong to one category [9, 10].
Researchers have paid attentions to this problem and several solutions have been
proposed, which can be grouped into two main categories: a)problem transfor-
mation methods [11], and b)algorithm adaptation methods [12, 13]. These two
methods either transform multi-label data into single-label or find the optimal
values through methods based on SVM or Boost. These methods can not reflect
the label correlations , their works [14, 15] make use of the label correlations
to improve classification accuracy. Specially in [14], they propose a multi-label
multi-class classification method based on LDA (Linear Discriminant Analysis).
They compute label correlation statistics, and then use this label correlation in
the training procedure of multi-label LDA. Although their method make use of
the label correlation, they didn’t consider the local structure between samples.

In this paper, we propose a method called Cross Concept Local Fisher Dis-
criminant Analysis(C2LFDA) which can describe the similarities in both visual
and semantic domain of training data. The visual similarity is the similarity
in visual feature space. And the semantic similarity means the label correla-
tion of multiple concepts data. Our method deal with image data as shown in
Fig. 1 which not only contain simple concept relations but also multiple and
complex concepts and we also call them label overlapping data. We assign label
overlapping data to each associated class according to the corresponding labels.
Then we redefine the within-class and between-class scatter matrix. Thus label
overlapping data will be calculated in each associated class. However the label
overlapping data is different with simple concept data, we can not train them by
directly using LFDA. We re-weight the within-class and between-class scatter
matrix by a weight which can reflect the influential factor of label overlapping
data in each associated class. Then we calculate the weighted within-class and
between-class scatter matrix based on the proposed re-weighting scheme and lo-
cal manifold structure. And the target transformation matrix can be obtained by
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solving an object function based on our re-weighted within-class and between-
class scatter matrix.

Our contributions in this paper are: first, we propose a distance metric learning
method called C2LFDA which can deal with images with multiple and complex
concepts; second, by re-weighting the within-class and between-class scatter ma-
trix with the similarities in both visual and semantic domain, we can get a better
classification performance than LFDA.

The rest of paper is organized as follows. In section 2, we discuss related works.
In section 3, we briefly review FDA and LFDA. In section 4, we define C2LFDA
and show its fundamental properties. In section 5, we compare C2LFDA with
LFDA and Euclidean distance for the task of image classification, and we obtain
promising results. Finally, we give concluding remarks and future prospects in
Section 6.

2 Preliminaries

2.1 Formulation

Let xi ∈ Rd (i = 1,2...n) be d -dimensional samples and X be the matrix of all
samples:

X ≡ (x1|x2|...|xn) (1)

Where n is the number of samples.
Let zi ∈ Rr (1 ≤ n ≤ d) be embedded samples, where n is the dimension of

embedding space. We focus on classification for this moment, i.e., using a d × r
transformation matrix T. So the embedded space z can be represented as:

zi = T�xi (2)

2.2 Fisher Discriminant Analysis (FDA)

Here we briefly review the definition of Fisher discriminant analysis(FDA) [16] [2]
[5].

Let c be the number of labels and yi ∈ {1,2,...,c} be a class label associated
with the sample xi. Let nj be the number of labeled samples in class j.

Let S(w) and S(b) be the within-class scatter matrix and the between-class
scatter matrix:

S(w) =

c∑

j

∑

i:yi=j

(xi − uj)(xi − uj)
� (3)

S(b) =
∑

i:yi=j

ni(xi − uj)(xi − uj)
� (4)

where uj ≡ 1
nj

∑
i:yi=j xi and μ ≡ 1

n

∑n
i=1 xi Using S(w) and S(b) the FDA

transformation matrix TFDA is defined as follows:

TFDA = argmaxT∈Rd×c tr((T�S(w)T )−1T�S(b)T ) (5)
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That is, we can seek a transformation matrix T such that the between-class
scatter is maximized while the within-class scatter is minimized. Then a solution
of TFDA is given by

TFDA = (ϕ1|ϕ2|...|ϕc) (6)

Where {ϕi}di=1 are the generalized eigenvectors associated to the generalized
eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λd of the following generalized eigenvalue problem:

S(b)ϕ = λS(w)ϕ (7)

The between-class scatter matrix S(b) has at most rank c-1 [2], thus FDA can
find at most c-1 meaningful features which is the limitation of FDA.

2.3 Local Fisher Discriminant Analysis (LFDA)

Local Fisher discriminant analysis (LFDA) overcomes vulnerability of original
FDA against within-class multimodality or outliers [17].

Let S(lw) and S(lb) be the local between-class scatter matrix and the local
within-class scatter matrix defined by:

S(lw) =
1

2

n∑

i,j=1

W
(w)
i,j (xi − xj)(xi − xj)

� (8)

S(lb) =
1

2

n∑

i,j=1

W
(b)
i,j (xi − xj)(xi − xj)

� (9)

Where:

W
(w)
i,j =

{
Ai,j/nk if yi = yj = k

0 if yi �= yj
(10)

W
(b)
i,j =

{
Ai,j(1/n− 1/nk) if yi = yj = k

1/n if yi �= yj
(11)

This weight the values for the sample pairs in the same class according to the
affinity matrix A. Thus, LFDA seeks a transformation matrix T which has the
following properties: 1)nearby data pairs in the same class are made close and
the data pairs in different classes are made apart; 2)far apart data pairs in the
same class are not imposed to be close. Samples in different classes are separated
from each other irrespective of their affinity values. A solution TLFDA is can be
obtained like FDA

S(lb)ϕ = λS(lw)ϕ (12)

The local between-class S(lb) generally has a much higher rank with less eigen-
value multiplicity because of the local factor Ai,j [6].
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Fig. 1. These are three sets of images from our dataset. The set contains apple and ba-
nana concept is within-class with images in apple set as well as the images in banana set.
Yet the relationship of within-class cannot be transmitted, which is to say, apple set and
banana set are not within-class because of this, they are between-class. We re-weight
the within-class and the between-class scatter matrix by using the similarity (affinity
matrix A and B) in both visual and semantic domain. We can get the matrix element
Bi,j between two sets set i and set j through the following procedure: first, calculate the
distances that form all samples in set i to all samples in set j ; then normalize all these
distances and get the mean of this distance: d ; finally Bi,j= (1-exp(-d))/(1+exp(-d)).
Affinity matrix A gets from LPP. We get the target transformation matrix by solving
an object function TC2LFDA = argmaxTRd×ctr((T�S(w)T )−1T�S(b)T ).

3 Cross Concept Fisher Discriminant Analysis

3.1 Basic Idea

Conventional supervised distance learning methods learn a distance metric ac-
cording to images’ labels, and they require every sample has only one label,
which are contradicted by the actual facts. As a matter of fact, samples usually
have more than one label, which may affect the training results inevitably if we
only use one label in the sample. Therefore, what we want to do is to use all
the label information of the image comprehensively. We divide images contain-
ing same label into one category, so there must be an intersection between two
categories. For example, there is a set of images U containing label A and label
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B; I(A) and I(B) represent all the images category A and B, so the intersection
of category A and category B is set U=I(A)∩I(B) . The images included in the
intersection U may not help in two-notion classification between category A and
B, but in multi-class classification between A,B and others. Thus, our method
in this paper is to make use of these image sets like U on the framework of
LFDA training method. Images intersection set U contains multiple concepts,
the importance of every label will not be the same in different feature space. In
order to use images U precisely, we apply different coefficients to distinguish the
importance of different concepts in training.

To be more specific, LFDA minimize within-class distances and maximize
between-class distances in training, however, in this method, there is a little
bit difference when calculating between-class distance and within-class distance
comparing with the former ones. This is because image intersection U has multi-
ple labels. These images in U are involved in the calculation of all the associated
within-class; and they are exempted from the calculation of between-class dis-
tances. More specific formularized expressions will be given in the next section.

3.2 Definition

In LFDA, the formula (8) (9) use affinity matrix Ai,j to weight pairs within
classes. Meanwhile, we need to weight different classes, so we use affinity matrix

B. Finally, the original W
(w)
i,j and W

(b)
i,j turn out to be:

W̃
(b)
i,j =

⎧
⎪⎨

⎪⎩

Bi,jAi,j/nk if yki = ykj = 1&yi �= yj

Ai,j/nk if yki = ykj = 1&yi = yj

0 if yki �= ykj

(13)

W̃
(w)
i,j =

⎧
⎪⎨

⎪⎩

Bi,jAi,j(1/n− 1/nk) if yki = ykj = 1&yi �= yj

Ai,j(1/n− 1/nk) if yki = ykj = 1&yi = yj

1/n if yki �= ykj

(14)

Where yi ∈{0, 1}c is a binary vector. yki=1 means that sample xi has the kth la-
bel, otherwise not. And here affinity matrix Bi,j represents the similarity between
the class corresponding to sample i and j. Now, within-class and between-class

W̃
(w)
i,j , W̃

(b)
i,j , turn out to be:

S̃(w) =
1

2

n∑

i,j=1

W̃
(w)
i,j (xi − xj)(xi − xj)

� (15)

S̃(b) =
1

2

n∑

i,j=1

W̃
(b)
i,j (xi − xj)(xi − xj)

� (16)

Using S̃(w) and S̃(b) the C2LFDA transformation matrix TC2LFDA is defined
as follows:

TC2LFDA = argmaxT∈Rd×c tr((T�S̃(w)T )−1T�S̃(b)T ) (17)
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That is, we can seek a transformation matrix T such that the between-class
scatter is maximized while the within-class scatter is minimized.
Then a solution of TC2LFDA is given by

TC2LFDA = (ϕ1|ϕ2|...|ϕc) (18)

Where {ϕi}di=1 are the generalized eigenvectors associated to the generalized
eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λd of the following generalized eigenvalue problem:

S̃(b)ϕ = λS̃(w)ϕ (19)

3.3 Properties

Our method is to apply the traditional LFDA to label overlapping distance
metric learning with the similarity between multiple image sets and the other
sets. It needs to redefine within-class and between-class scatter matrix when
applying LFDA to multiple label data, which is to say if one pair of samples
have the same label, we consider the relationship between this pair as within
class of this label, otherwise between-class. In this case, within-class pairs of
samples must have some same label, though they may have different labels. In
other words, the relationship between sample labels is not like what it is in the
original LFDA, which is either the same or different.

Since relationship between labels of the samples becomes more complicated,
we can use similarity between multi-label sets and other sets to describe the
relationship further. This similarity can represent multi-label sets’ effect as well.
We use affinity matrix B to represent this similarity. The matrix element Bi,j

will be the similarity between set i and set j and it can measure influential factor
between them. Here set i is multi-label set and set j is the corresponding set
with i ’s label. A higher Bi,j represents that set i and set j affect each other more
than other sets in within-class scatter class. It will not work if we set all Bi,j

with value 1. So a proper method to compute affinity matrix B will work better.
It is effective in C2LFDA when combining these two similarities which has been
verified in the experiment results in next section.

4 Experiments

4.1 Dataset

As to our method, we collect labeled data including 45 sets 30 classes and 11294
samples. Three of them are selected from dataset shown in Fig. 1. We try to uti-
lize the relations between label overlapping image sets and other simple concept
image sets, therefore we put those multiple concepts images which share same
labels into same class when we collect data.
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4.2 Distance Metric Learning for Classification

The main idea of testing our method is to learn a transform matrix T with
training samples, according to which we calculate the Mahalanobis distance for
testing samples. Then we can use KNN classifier to classify the testing samples,
getting the accuracy rate of this method and original LFDA.

In our method, the affinity matrix B represents the similarity between the
set of label overlapping images and their associated class according to their
labels. We can get the matrix element Bi,j in Eq.[ 13, 14] between two sets i
and j through the following procedures: first, calculate the distances that form
all samples in set i to all samples in set j ; then normalize all these distances
and get the mean of this distance: d ; finally Bi,j= (1-exp(-d))/(1+exp(-d)). This
indicates the similarity between sets, similar and sharing same labels sets become
much closer.

4.3 Comparison

We use three kind of features on three ways to measure the distance: 1)KNN:

we calculate the Euclidean distance directly then we use KNN. As shown in
Fig. 2 (a);
2)LFDA: we use LFDA to learn a distance metric and then apply KNN. As
shown in Fig. 2 (b);
3)C2LFDA: we use C2LFDA to measure and same as above. It is shown in
Fig. 2 (c).

Fig. 2. Experiment results: (a), (b) and (c) are the experiment result by PHOG, LBP
and HSV respectively. The horizontal ordinate x represents the K from KNN. (d) is
the optimal of the above three images. (e) is the result when K=12.
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It can be observed from Fig. 2 (a)(b)(c) that the result of LFDA is better than
original Euclidean distance in most cases, yet this method is generally superior
to LFDA. Fig. 2 (d) is the statistic of optimal results of these three different
methods using three features. It is clear that our optimal result is better than
both LFDA and Euclidean distance. However, in practical applications, the K
in KNN is usually a fixed value. It is shown in Fig. 2 (e), we can get the best
result in each feature when K=12.

5 Conclusions

This work is focusing on how to use the relationship between different sets of
images for distance metric learning. In this paper, we proposed a new method
called C2LFDA, which redefines within-class and between-class matrix in LFDA
and assign label overlapping samples into their associated classes. To be more
specific, in within-class scatter matrix from C2LFDAsamples are within-class if
only some label of the samples is the same, otherwise they are between-class.
Meanwhile, we put forward an affinity matrix B to represent the similarity be-
tween sets of images.

The distance matrix learned by LFDA trained with multiple concepts data
is better than traditional Euclidean distance in KNN classifier. Yet our method
C2LFDA with the affinity matrix B is better than LFDA. From the result of the
experiment, promising results are achieved through our method. In the future
work, we will investigate more effective methods to compute the affinity matrix
B, in order to further improve the performance C2LFDA.
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